We theoretically consider the substrate-induced Majorana localization length renormalization in nanowires in contact with a bulk superconductor in the strong tunnel-coupled regime, showing explicitly that this renormalization depends strongly on the transverse size of the one-dimensional nanowires. For metallic (e.g. Fe on Pb) or semiconducting (e.g. InSb on Nb) nanowires, the renormalization effect is found to be very strong and weak respectively because the transverse confinement size in the two situations happens to be 0.5 nm (metallic nanowire) and 20 nm (semiconducting nanowire). Thus, the Majorana localization length could be very short (long) for metallic (semiconducting) nanowires even for the same values of all other parameters (except for the transverse wire size). We also show that any tunneling conductance measurements in such nanowires, carried out at temperatures and/or energy resolutions comparable to the induced superconducting energy gap, cannot distinguish between the existence of the Majorana modes or ordinary subgap fermionic states since both produce very similar broad and weak peaks in the subgap tunneling conductance independent of the localization length involved. Only low temperature (and high resolution) tunneling measurements manifesting sharp zero bias peaks can be considered to be signatures of Majorana modes in topological nanowires. Thus, a recent experimental claim [Science 346, 602 (2014)] of the purported "observation of Majorana fermions in ferromagnetic atomic chains on a superconductor", where very weak and very broad subgap tunneling conductance features were observed in an Fe/Pb system at high temperatures and rather poor instrumental resolution, is at best highly premature.
I. INTRODUCTION
Majorana fermions (MF), which were proposed theoretically 80 years ago as real solutions of the Dirac equation in the context of understanding neutrinos [1] , have recently found their incarnations in solid state systems [2] [3] [4] [5] as zero-energy localized excitations in topological superconductors (TS). In addition to the defining property of being their own anti-particles, MFs in solid state systems are known to have exotic non-Abelian braiding statistics [2] , making them of high theoretical interest with a potential application in topological quantum computation [6, 7] . While the initial proposals involving exotic materials (e.g. p-wave superconductors [2, 3] , 5 /2-fractional quantum Hall states [2] , and topological insulators [4] ) have so far escaped experimental realization, more recent proposals utilizing spin-orbit-coupled semiconductors [5, [8] [9] [10] or magnetic adatoms [11] [12] [13] [14] proximity-coupled to s-wave superconductors have been the major focus of experimental efforts, with several published works claiming the observation of signatures of MFs in such systems [15] [16] [17] [18] [19] [20] [21] . The initial claim of the observation of "Signatures of Majorana Fermions in Hybrid Superconductor-Semiconductor Nanowire Devices" by Mourik et. al. [15] in the InSb/Nb system , following precise theoretical predictions [8] [9] [10] , was later experimentally validated by several groups in both InSb/Nb [15] [16] [17] 19] and InAs/Al [18, 20] hybrid structures, giving considerable confidence in the universal nature of the underlying physical phenomena. It should be noted that the experimentally observed MF signatures so far are in the emergence of the predicted zero-bias conductance peak in the system, and no signature for the predicted nonAbelian braiding properties has yet been detected [6, 7] .
The motivation underlying the semiconductorsuperconductor heterostructure Majorana platform [8] is the artificial creation of a spinless low-dimensional (either 2D [5, 8] or 1D [8] [9] [10] ) p-wave superconductor supporting MFs [3] . The effectively spinless p-wave superconductivity residing in the semiconductor serves as the TS here arising from a combination of spin-orbit coupling, spin-splitting, and ordinary s-wave superconductivity. The combination of spin-splitting and spin-orbit coupling in the semiconductor allows, under appropriate conditions (of large enough spin-splitting and spin-orbit coupling), ordinary s-wave singlet Cooper pairs to tunnel from the superconductor to the semiconductor enabling topological p-wave superconductivity with triplet superconducting correlations [22] to develop in the semiconductor through proximity coupling. The experimentally relevant topological system has been an InSb [15] [16] [17] 19] or InAs [18, 20] nanowire on a Nb or Al superconducting substrate with the Zeeman spin splitting achieved through the application of an external magnetic field. For the magnetic field larger than a critical value, which is given simply by the proximity-induced superconducting gap in the nanowire (assuming the chemical potential in the nanowire can be taken to be zero), the nanowire becomes an effective TS with zero-energy MFs localized at the wire ends [3, [8] [9] [10] . These zero-energy MFs should lead to zero-bias conductance peaks (ZBCP) in the tunneling conductance measurement [8] , and the experimental observation [15, [18] [19] [20] of such field-induced ZBCP has been taken as evidence for the existence of MFs in these topological nanowires.
Typically, these MFs are localized near the ends of the wire with a finite Majorana localization length ξ which equals the superconducting coherence length in the topological nanowire. When the wire length L ξ, the two MFs at the two ends of the wire are considered to be in the topologically exponential protection regime with the MF wavefunction falling off as e −x/ξ along the wire (modulo some oscillations not of particular interest here [23] [24] [25] ). The MF is a well-defined zero-energy non-Abelian mode only in this exponentially protected (L ξ) regime. By contrast, for short wires or long coherence length (i.e. L < ξ), the two end MFs hybridize, producing split peaks shifted away from zero energy (and these split peaks represent fermionic subgap states rather than MFs), and the topological protection no longer applies. It is only when the Majorana splitting is exponentially small (i.e. L ξ), the nanowire system can be considered to be topological [7] . Thus, the quantitative magnitude of ξ (or more precisely the dimensionless length ratio L/ξ) is a key ingredient in the physics of MFs. We note that the localized zero-energy MF bound states are also often called the Majorana modes, and we use the terminology Majorana fermions and Majorana modes interchangeably in this paper to mean the same zero-energy MF subgap localized TS excitations in a spinless p-wave superconductor. The current experimental MF search is mostly focused on looking for subgap zero-bias tunneling conductance peaks associated with these localized zero-energy Majorana modes -ideally, the ZBCP should have the quantized value of 2e 2 /h, but experimentally the ZBCPs observed so far have actual conductance values factors of 10 (10 4 ) lower in semiconductor nanowires [15, 18, 19] (ferromagnetic nanowires [21] ). Finite temperature, finite wire length, finite tunnel barrier, finite experimental resolution, unwanted fermionic subgap states, and possible inelastic processes conspire together to suppress the experimental ZBCP strength, and this non-observation of perfect ZBCP quantization, which is much more severe in the ferromagnetic nanowires than in semiconductor systems, remains an open question in the subject.
The MF localization length (or equivalently the TS coherence length) ξ is often assumed to be given by the standard superconducting coherence length formula, ξ ∼ v F /∆, where v F and ∆ are respectively the Fermi velocity and the induced TS gap in the nanowire. This superconducting coherence length formula is certainly appropriate for MF localization if the nanowire can be considered an isolated spinless p-wave superconductor with the Majorana modes localized at the wire ends (which serve as the defects localizing the MFs). But in the experimentally relevant situation the nanowire is not isolated, it is in fact in contact with (or lying on top of) a superconducting substrate which provides the necessary proximity effect to produce the topological system in conjunction with spin-orbit coupling and spin splitting. The question therefore arises whether the MF localization length formula is modified from the simple coherence length formula, or equivalently, whether the Fermi velocity and/or the appropriate nanowire superconducting gap are renormalized by the substrate. This issue was in fact discussed by Sau et. al. [26] and Stanescu et. al. [27] some years ago in the context of 2D sandwich structures involving semiconductor/superconductor and topologicalinsulator/superconductor heterostructures, and very recently by Peng et. al. [28] in the context of 1D ferromagnetic nanowire on superconductor hybrid structures used in the recent Princeton STM experiment [21] . (The actual system theoretically considered by Peng et. al. [28] is in fact a helical magnetic adatom chain, not a ferromagnetic chain, on a superconducting substrate.) In the current work, we theoretically study the MF localization question in depth for 1D topological nanowire hybrid systems, discussing the substrate-induced MF renormalization for both semiconductor and ferromagnetic nanowires on an equal footing, comparing (and contrasting) the two situations.
Recently, it has been proposed that the three ingredients for the semiconductor nanowire proposal i.e. superconductivity, magnetization, and spin-orbit coupling can be realized in ferromagnetic nanowires deposited on a spin-orbit coupled superconductor . Experimental evidence in the form of a weak and broad zero-bias peak seems to provide some support to this hypothesis [21] . Several theoretical calculations [14, 29, 30] have shown that as a matter of principle Majorana modes can emerge in ferromagnetic wires in superconductors, as had been suggested in more mesoscopic geometries [11, 12, 31, 32] . Motivated by earlier STM works [33, 34] , some of the theoretical works [13, 35, 36] have modeled the system to be a chain of ferromagnetic atoms [i.e. Yu-Shiba-Rusinov (YSR) impurities] on the superconductor surface, with no direct hopping between the impurity orbitals. This class of proposals supports MFs only in a limited parameter regime [28, 37] . Although the YSR limit and the ferromagnetic nanowire limit are the two extreme crossover regimes (tuned by very weak and very strong inter-site hopping in the nanowire, respectively) of the same underlying Hamiltonian (i.e. there is no quantum phase transition separating them, it is simply a hopping-induced crossover from the YSR regime to the ferromagnetic wire regime as hopping increases), the TS properties in the two limits are very different. In the YSR limit, considerable fine-tuning of the chemical potential is necessary in order to achieve TS and MF [37] whereas the TS with localized MF arise generically without any finetuning in the ferromagnetic nanowire limit of strong hopping. Thus, any possible generic existence of MF in the magnetic adatom chain on superconducting substrates is more natural in the ferromagnetic wire limit [29, 30] rather than in the YSR limit. Therefore, considering the system as a ferromagnetic wire in proximity to a superconductor is the natural way to understand the zero-bias conductance in a robust way. This puts the ferromagnetic chain and the semiconductor nanowire topological systems on an equal footing with the only difference being that in the semiconductor wire (the ferromagnetic chain) case the spin-splitting arises from an externally applied magnetic field (an intrinsic ferromagnetic exchange splitting). However, in the semiconductor nanowire proposals [9, 10] the decay length of the Majorana is typically found to be comparable to the bulk coherence length in the superconductor. This also seems to be a common feature in the simulations of the ferromagnetic nanowire systems so far since the substrate-induced renormalization of the nanowire parameters is not included in the theory, thus considering the nanowire to be isolated in effect [14, 29, 30] . On the other hand, it was noted that YSR bound states in STM experiments appeared to show a much shorter decay length than the coherence length [33, 34] . Based on this, it was conjectured [30] that the Majorana modes might appear to be confined to lengthscales shorter than the coherence length because of the delocalization of the wave-function into the bulk superconductor. Very recent work using a spin-helical coupled Shiba impurity model [28] has shown how this substrateinduced renormalization mechanism may suppress the coherence length, leading possibly to short MF localization length in helical YSR adatom chain on a superconductor which is very strongly tunnel-coupled to the magnetic chain, even if the topological superconducting gap is very small. Whether such a scenario applies to the actual experimental situation of Ref. [21] is currently unknown.
The actual MF localization length question is of great importance to the experimental observations in [21] since the estimated TS gap in the Fe adatom chains on Pb substrates studied therein is very small (∼ 0.1 meV) leading to a rather long coherence length (or equivalently MF localization length) of > 100 nm (assuming no substrateinduced renormalization) which would be much larger than the typical length of the adatom chains (5 − 50 nm) used in Ref. [21] . In such a situation, the TS system is not in the exponentially protected regime at all, and the two end MFs should hybridize strongly leading to ordinary uninteresting fermionic states at high energies. (Given the very weak and very broad conductance features observed in [21] , such a possibility cannot in fact be ruled out by the current data.) Thus, to the extent the observations in [21] manifest any MF features at all (or to put it even more strongly, have anything to do with MF physics), one must understand how the very long TS coherence length (i.e. the MF localization length) associated with the small induced superconducting gap can be consistent with the existence of isolated (i.e. non-hybridized) MFs in a system where the wire length is shorter than the localization length. (This conceptually problematic situation does not seem to arise in the semiconductor TS systems [15] [16] [17] [18] [19] [20] since the wire length (> 1 µm) is typically much larger than the MF localization length (∼ 10 nm) in the semiconductor nanowire systems-in fact, systematic experimental efforts appeared to have observed the predicted Majorana hybridization effect in the semiconductor nanowires in the regime of long MF localization length induced by a large external magnetic field [19, 20] .) If the observed subgap conductance features in Ref. [21] are indeed implying the existence of MFs in the underlying ferromagnetic nanowire, as has been concluded [21] , then it is imperative that a clear theoretical understanding is developed for why the TS coherence length being much larger than the topological wire length is not a problem. One possible way out of this quandary, suggested by Peng et. al. [28] using a simplified helical magnetic chain model, is a strong suppression of the MF localization length by the substrate so that the L ξ condition is still satisfied because the TS coherence length is renormalized by the substrate. We emphasize that it is not clear at all at this stage that the condition (in particular, very strong tunnel coupling between the substrate and the chain) for such strong substrate-induced renormalization of the MF localization length is actually operational in the experiment of Ref. [21] , but the possibility of the substrate-induced suppression of the MF localization length must be taken seriously since it provides a way forward for future experiments to test (for example, by studying the MF hybridization or splitting systematically as a function of the dimensionless ratio ξ/L by changing L in a controlled manner) this hypothesis as a possible resolution of the long TS coherence length conundrum.
The possibility that the MF localization length is strongly suppressed by the substrate immediately brings up the question of whether such a substrate-induced renormalization phenomenon is also operational in the semiconductor TS systems and, if so, the possible implications for the semiconductor MF experiments [15] [16] [17] [18] [19] [20] which have so far been simply interpreted on the basis of the standard ξ ∼ v F /∆ formula with no substrateinduced coherence length suppression.
The corresponding renormalization question for semiconductorsuperconductor 2D hybrid structures was studied in depth in Refs. [27, 28] , and here we generalize the theory to 1D semiconductors and ferromagnetic metals in proximity to bulk superconductors. One possible reconciliation for why the ferromagnetic (semiconductor) nanowire MF localization length is strongly (not) renormalized by the substrate is simply by assuming that the ferromagnetic adatoms (semiconductor wire) are (are not) strongly tunnel-coupled to the substrate superconductor, but we want to avoid such ad hoc assumptions. One question we address in the first part of the paper is how different the substrate-induced Majorana localization length renormalization can be in metallic and semiconductor TS nanowires assuming essentially identical conditions to be prevailing for the substrate properties (including equivalently strong tunnel coupling of the wire to the substrate) in both cases.
In this paper, we discuss in general the localization length of Majorana modes in proximity-induced superconductors. To set a context, we start by discussing the localization length of Majorana modes in the Kitaev chain [3] in various parameter regimes finding that depending on parameter values the localization length can vary from being of the order of a lattice spacing to more than many hundreds of lattice spacings as is typical for the coherence length in ordinary superconductors. Realizations of such Kitaev chains where the Majorana localization length is of the order of several lattice sites have been proposed in quantum dot arrays [38] , and therefore, in principle, the variation in the MF localization properties can be tested in the linear quantum dot arrays by suitably tuning the dot parameters. Following this, we explicitly consider the proximity effect of the bulk superconductor with a goal to understanding the lengthscale problem for ferromagnetic nanowires in proximity to spin-orbit coupled superconductors as used in the experiment of Ref. [21] . While, in most papers on the subject the superconducting proximity effect is simply replaced by a pairing potential, a more microscopic consideration [26] suggests that the proximity effect should be represented by a non-local frequency-dependent selfenergy
where the matrix T represents the hopping between the nanowire and the superconductor, and G SC (ω; rr ) is the Green function of the superconductor. By approximating the Green function by that of a bulk s-wave superconductor, we show below that the local part of the self-energy has the form of
where Γ is the parameter determining the strength of the superconducting proximity coupling in the nanowire. As we argue in Sec. III E, based on a microscopic derivation, the proximity parameter Γ ∼ (k F R) −3 E F , where k F and E F are respectively the Fermi wave-number and the Fermi energy in the superconductor, and R is the radius of the nanowire. In mesoscopic semiconductor nanowire geometries R ∼ 20nm leading to Γ ∼ 0.1meV ∼ ∆ SC , and this fits into the simple picture for the proximity effect where retardation effects associated with the frequency dependence in Eq. (2) may be ignored. Atomistic ferromagnetic wires [21] are qualitatively different since R ∼ 0.5nm for these wires and the estimated Γ ∼ 1eV. This clearly puts the analysis in the regime Γ ∆ SC , which is the strongly renormalized limit [26] . Establishing this key difference between the MFs in semiconductor and metallic nanowires (i.e. the MF localization length is strongly renormalized in one, but not in the other, due to substrate renormalization arising from retardation effects in the proximity self-energy function) is a main goal of this paper. While it might appear that a proximity effect of Γ ∆ SC in the ferromagnetic nanowire system would produce an s-wave pairing in the nanowire that is much greater than ∆ SC in contradiction with experiment, the frequency dependence of the self-energy, where Γ enters as a parameter, ensures that the s-wave pairing in this case is ∆ 0 ∼ Γ∆ SC ∆ SC +Γ ∼ ∆ SC , which is much less than Γ. Therefore, it is clear that the full frequency-dependent self-energy is critical to get the physics correct [26] .
We present calculations of the local density of states for the ferromagnetic nanowire in proximity to a spin-orbit coupled superconductor. We find that the frequency dependence introduces renormalization of all microscopic parameters in a way which drastically reduces the coherence length in the ferromagnetic nanowire, in contrast to the semiconductor nanowire MFs where the standard definition for the coherence length applies with little renormalization by the substrate. After establishing that the MF localization in the ferromagnetic nanowire system could indeed be very short in spite of the induced topological superconducting gap being very small, we consider the actual experimental situation [21] where the MF observation in a Fe chain on a superconducting Pb substrate has been claimed in an STM study. At first, the very small experimental induced gap (∼ 100 µeV) in the experiment seems to indicate a very long MF localization length much larger than the length of Fe chains, casting serious doubt on the experimental interpretation of lattice-scale MF localization in the system. Peng et. al. [28] , however, provided a way out of this puzzle by showing that, assuming the Pb-Fe tunnel coupling is strong, it is possible for the MF localization length to be short in spite of the induced gap being small within their helical chain model. In the current work, we show in the first part of the paper the possibility of strong MF localization using the ferromagnetic chain model, comparing and contrasting the localization behavior with the corresponding semiconductor nanowire case.
But a key feature of the experiment [21] is that it is carried out at high temperatures (T = 1.4K) comparable to the induced gap (∼ 0.1 meV) itself. In addition, the STM instrumental resolution in the experiment [21] is also rather poor, comparable at best to the induced TS gap, and as such, studying a subgap feature is problematic -both high temperature and low instrumental resolution seriously compromise the claim of the MF observation in Ref. [21] . It has recently been shown [30] that at such a high temperature the MF signature manifested in the tunneling experiment is diffuse over a large energy range larger than the gap itself, and as such, the issue of MF localization becomes moot. In the second part of our paper, we show that such broad and diffuse zero bias tunneling conductance peak could arise from subgap non-MF fermionic states which may generically be present in the system due to disorder. Thus, although the MF may indeed be strongly localized in the ferromagnetic nanowire system, tunneling experiments at temperatures (and instrumental resolution) comparable to the gap energy cannot distinguish between MF features and ordinary (non-MF) subgap state features. Only future experiments carried out at much lower temperatures can therefore settle the question of what is being observed in the experiment of Ref. [21] , and any conclusion regarding the observation of MF in Ref. [21] is premature. At much lower temperatures, however, the strongly localized nature of the MFs in the ferromagnetic nanowires will come into play in a dramatic fashion, leading to strong zero bias conductance peak in long wires and clearly split zero bias peaks in short wires, thus definitively establishing the existence (or not) of MFs in the ferromagnetic wire -superconductor hybrid structure. On the other hand, if the physics of substrate-induced MF localization length suppression is not playing any role in the ferromagnetic adatom chains (as it is not in semiconductor nanowires) on superconducting substrates, then at temperatures much lower than the induced gap, the subgap zero bias peak, if it is indeed arising from TS physics, should simply disappear completely since the MF localization length in such an unrenormalized situation would be much larger than the ferromagnetic adatom chain length one can fabricate on superconducting substrates at the present time. Thus, lowering (and improving) experimental temperature (instrumental resolution) is the key to settling the question of whether MFs have indeed been observed in the experiments carried out in Ref. [21] . Since the experimental temperature used in Ref. [21] is a surprisingly high 1.4K, and the state of the arts lowtemperature STM experiments are routinely carried out at 100 mK or below, we urge future STM low temperature experiments (< 300 mK) in Fe chains on superconducting Pb substrates to settle the important question of the existence or not of MFs in this system. In fact, we believe that STM experiments carried out at 1.4K on a system with a possible induced TS gap of ∼ 0.1 meV can say little about the existence or not of MFs in the system even with good instrumental resolution, let alone with energy resolution which is also comparable to the gap energy.
At this stage all one can say is that while Majorana modes do not show any basic inconsistencies with experiment, the broad features in the experiment [21] could also be consistent with accidental fermionic non-MF subgap states. In fact, the possibility that the observed subgap tunneling conductance structure in the experiment of Ref. [21] arises purely from a type of YSR bound states, rather than MF states, has been suggested recently [39] .
II. MAJORANA DECAY LENGTH IN THE KITAEV CHAIN
Let us first consider the prototypical and simplest model of a TS supporting Majorana end modes, the socalled Kitaev chain. This is a one-dimensional tightbinding model of spinless fermions with p-wave pairing, described by the Hamiltonian
where t is the hopping, µ the chemical potential, and ∆ p is the pairing potential. As shown by Kitaev [3] , this model supports unpaired Majorana modes at its boundaries for |µ| < 2 |t|, with a MF localization length that is For |t| < |µ|/2 the system is in the non-topological phase without Majorana fermions, and ξ is undefined in this regime. ξ diverges at |t| = |µ|/2, indicating the topological phase transition. For |t| |µ|, ξ is well-approximated by |t/∆p|, which is the standard coherence length formula for superconductors.
given by
We plot the localization length in Fig. 1 as a function of the hopping amplitude for different values of µ. Note that ξ is defined only for |t| > |µ| /2, where the system is in the topologically non-trivial regime with a Majorana mode at each end. At |t| = |µ| /2 the localization length diverges, indicating a topological phase transition into the topologically trivial regime at |t| < |µ|/2.
There are two special limits of interest. At the special point µ = 0 and |t| = |∆ p |, the localization length vanishes and the Majorana is localized precisely at the end site of the chain [3] . We emphasize that in this fine-tuned case the localization of the Majorana is completely independent of size of the energy gap, providing a concrete example of a situation where a small gap could in principle also be associated with a small localization length. The other situation of interest is the physically realistic limit |t| |∆ p |, where the bandwidth far exceeds the superconducting gap [40] . Here the localization length ξ, expressed to lowest order in ∆ p , reproduces the familiar form of a superconducting coherence length as discussed in the Introduction,
where
2 ) 1/2 are the spectral gap and Fermi velocity, respectively. Since |t| |∆ p |, the localization length ξ 1 and the Majorana decay length is parametrically larger than the lattice constant (taken to be the unit of length here). On the other hand, it is clear that if for some reasons one can realize a Kitaev chain with |t| ∼ |∆ p |, as has been proposed for a quantum dot array [38] , then the MF decay length is of order a few lattice sites only, qualitatively similar to the fine-tuned case.
III. SUBSTRATE-INDUCED RENORMALIZATION OF THE TOPOLOGICAL WIRE
A. Self-Energy
We now turn to the physical realization [8-10, 28-30, 37, 41] of TS in a ferromagnetic nanowire in contact with a bulk s-wave superconductor. We note that the minimal model for the ferromagnetic wire proximitycoupled to a superconductor [29] [30] [31] , as used in Ref. [21] , is formally the same as the corresponding semiconductor nanowire TS system introduced in Refs. [8] [9] [10] 41] with the only constraint being that the spin-splitting is arising from intrinsic exchange splitting in the ferromagnetic system whereas it is induced as a Zeeman splitting by an externally applied magnetic field in the semiconductor case. This has already been pointed out by Dumitrescu et. al. [30] . The presence of spin-orbit coupling and spinsplitting along with proximity-induced superconductivity enables us to avoid the fermion doubling theorem, leading to topological (effectively spinless p-wave) superconductivity in the wire.
The normal state of the superconductor is characterized by strong L·S spin-orbit coupling. Furthermore, two orbitals of different parity contribute to the states near the Fermi surface, which we label as s and p ≡ p z , respectively. This is not essential for our theory (for example, we could also choose three distinct p-wave orbitals), but makes the following arguments more transparent. Although spin itself is not a good quantum number in the presence of spin-orbit coupling, we can label the doublydegenerate states by a pseudospin index ζ = ±1, which transforms like a spin under inversion and time-reversal. Assuming only a single band crosses the Fermi surface, the general expression for these states is
where B s,ζσ (k) and B p,ζσ (k) are the coefficients of the s-and p-wave orbitals, respectively. Regarding the coefficients in Eq. (6) as 2×2 matrices in ζ −σ space, one can derive a number of conditions. First, the normalization of the states in Eq. (6) requires that
From inversion and time-reversal symmetries we deduce that
In these equationsŝ µ are Pauli matrices in the ς − σ space. We additionally require that the pseudospin index behaves like a spin under mirror reflection in the planes perpendicular to the three Cartesian axes:
where M µ are reflection operators for the plane perpendicular to the µ-axis.
In the pseudospin basis the bulk Green function of the superconductor is written as
whereτ µ are Pauli matrices in the particle-hole basis, ξ k is the dispersion in the superconductor, and ∆ SC is the gap. The nanowire is placed on the (001) surface of the superconductor. The tunneling between the two systems is described by a superconductor-nanowire hopping term
where a † nσ creates an electron with spin σ at site n on the nanowire, and s nσ and p nσ are annihilation operators of the orbitals of the superconductor. Only nearestneighbor hopping is allowed. We remark here that a local breaking of inversion symmetry along z is required to generate non-zero t p which couples the nanowire sites to the p-orbital in the superconductor. Without loss of generality, we take t s and t p to be real.
The tunneling matrix T , which appears in the selfenergy of the nanowire [Eq. (1)], necessarily includes a transformation between the real-spin basis of the nanowire and the pseudospin basis of the superconductor. It is written
With G SC and T , the self-energy Σ can be readily computed as
where Z, t, λ, ∆ and ∆ (t) are functions of ω and r − r . Their full expressions are given in the Appendix.
B. Nanowire Hamiltonian
We now consider the self-energy of the ferromagnetic nanowire in more detail. Assuming that the nanowire lies along the x-axis, in the absence of the superconductor it can be modeled by the tight-binding Hamiltonian
where t int is the hopping intrinsic to the nanowire (not mediated by the superconductor), µ is the chemical potential, and B is the (spontaneous) ferromagnetic exchange field (written out as an intrinsic magnetic field, rather than as an exchange splitting, in order to maintain the explicit analogy to the semiconductor nanowire TS platforms where B is an extrinsic magnetic field).
Including the self-energy due to the proximate superconductor, the eigenenergies of the nanowire are given by the poles of the Green function
where H BdG is the BdG Hamiltonian of the bare nanowire Eq. (14), and in the second equality we have rearranged terms such that the effect of frequency renormalization is captured by Z, and H eff contains no terms proportional to ωτ 0 . Explicitly,
The subscript m − n indicates that the quantities in Eq. (13) are evaluated at nanowire sites with relative coordinates r − r = (x m − x n ) e x . In general, the physics of the nanowire is extracted from the Green function G wire (ω) including the frequency-dependent self-energy. Since we are interested only in the zero-energy Majorana mode and energy scales ω ∆ 0 , however, we may take H eff (ω = 0) as our effective BdG Hamiltonian with no loss of generality.
C. Effective Kitaev models
To make further analytical progress we need to assume specific forms of B s and B p . We take
where e k = k/|k|. This choice is consistent with the symmetries of the pseudospin states Eq. (6), and leads to an analytically tractable result which captures the essential physics we wish to explore. Other choices lead to qualitatively similar results. Using Eq. (17) we calculate the full frequencydependent forms of Z, t, λ, ∆ and ∆ (t) , which are given in the Appendix. At zero energy they take the relatively compact forms
where we have introduced dimensionless variables
in which ν and ξ are respectively the Fermi-level density of states and the coherence length of the superconductor, and a lat is the lattice constant of the tight-binding model of the nanowire [Eq. (14)].
In the limit of large exchange field (B |λ n | , |∆ n |) , the effects of the spin-orbit coupling and s-wave pairing terms are suppressed. The model (16) thus reduces to two copies of the Kitaev model, albeit with long-range hopping. To make connections with Sec. II, we first ignore the long-ranged part of the self-energy which is beyond nearest neighbors, yielding (second quantized) effective Hamiltonians for spin-up (+) and spin-down (−) species
The induced hopping integral and pairing potential are given by
From Eq. (5), the localization length for the Majorana zero modes in these Hamiltonians (valid in their topological phase) is thus
where the renormalized Fermi velocity and excitation gap areṽ
Note that the localization length is the same for the spinup and -down sectors. From Eq. (23) we observe that if one ignores the renormalization of the Fermi velocity and uses instead its intrinsic value, v
, to estimate the localization length as
gap , the result would overestimate the true value by a factor of v
If the coupling between the wire and the superconductor is weak (i.e. Γ ∆ SC , t int ), the velocity is only weakly renormalized andṽ
F . However, when Γ is comparable to ∆ SC or even t int , the discrepancy between the renormalized and the bare Fermi velocity is huge. For large enough Γ and hence Z, the coherence length could be close to zero even though the induced triplet gap is small. Whether or not this strong velocity renormalization, leading to sharply-localized MFs in the TS nanowire, is present in the experiment of Ref. [21] can only be determined empirically since the microscopic details about Γ are simply not known in the experimental system. But, what is clear is that there is a well-defined physical mechanism, namely, a very strong tunnel-coupling between the superconductor and the nanowire, which would lead to a strong renormalization of the effective Fermi velocity and a concomitant suppression of the MF localization length in the nanowire even if the induced topological gap is small. We note that the existence of the strong renormalization effect has already been invoked for the Fe/Pb system by Peng et al. using a helical magnetic chain model for the nanowire [28] .
D. Effects of non-local hopping and pairing
We briefly comment on the effects of the long-range part of the self-energy on the localization length of the Majorana mode. We write the Hamiltonian in the large exchange-splitting limit as
where H 0 is given in Eq. (20) and δH contains the hopping and pairing terms in Eq. (16) involving sites separated by two or more lattice spacings. Let ψ 0 denote the zero-energy Majorana mode that is localized at the end of the wire with a localization length given by Eq. (23) .
With the non-local perturbation δH (±) the state acquires a correction: ψ 0 →ψ 0 = ψ 0 + δψ 0 where
where P = 1−|ψ 0 ψ 0 |. We can now qualitatively see the localization behavior ofψ 0 including the long-range selfenergy correction: the unperturbed part ψ 0 ∼ e −x/ξwire (where x is the distance measured from the boundary) is still localized with a length ξ wire , while the correction δψ 0 has a long tail since δH scales as ∼ e −x/ξ /x where ξ is the coherence length of the bulk superconductor. Thereforẽ
where ψ 0 is approximated as αe −x/ξwire , α is a normalization constant, and β is a parameter determined from the perturbation theory. Strictly speaking, the localization length ofψ 0 is max {ξ wire , ξ}. However, the second term in Eq. (28) is now qualitatively similar to the wavefunction of a Shiba state bound to magnetic impurities and appears in experiments to be localized on a scale of k −1 F [33] instead of the true localization length ξ. In this case β is perturbatively small, further obscuring its signature in experiments. Thus the experimentally measured localization length would still be ξ wire even with longer-range hopping in Eq. 16. Since for practical purposes the dominant localization length of the non-local part is essentially k −1 F and is small, the non-local term δH can be safely ignored. We note, however, that independent of whether α β or β α in Eq. (28), the resultant Majorana wavefunction is strongly localized at the wire end (x = 0) with either a strongly suppressed localization length ξ wire or 1/k F , both of which are much smaller than the bare MF localization length ξ without any substrate renormalization effect (provided, of course, one is in the strong tunnel coupling regime). In Ref. [30] , Dumitrescu et. al. recently took into account the second term in Eq. (28) as causing the suppressed MF localization in ferromagnetic chain TS systems whereas Peng et. al. [28] mostly considered the first term in discussing MF localization in helical magnetic chains. In principle, both terms could be important, but their qualitative effects are similar, both leading to a strongly suppressed MF localization in the nanowire in the strong tunnelcoupled regime.
E. Relating quasi-1D models to 1D models
We have established above that as long as the nanowire is strongly tunnel-coupled to the superconductor (so that the condition Γ > t int , ∆ SC applies), the MF localization length would be strongly suppressed compared with the standard bare coherence length formula due to the Fermi velocity renormalization caused by the substrate. This renormalization effect appears to be independent of the nature of the nanowire and, therefore, should affect both ferromagnetic nanowires and semiconductor nanowires equally (as long as the tunnel coupling defined by Eq. (19) is large) . We now show that this is not the case, and there is good reason to believe that the ferromagnetic chain system of Ref. [21] could be much more strongly renormalized by the substrate than the semiconductor nanowire systems [15] [16] [17] [18] [19] [20] .
While we are assuming a strictly one-dimensional limit for the nanowire, a more realistic model would treat the nanowire as quasi-1D and as a result the parameters such as t s and t p in the one-dimensional model [for example, defining Γ in Eq. (19) ] are really effective parameters that have a strong dependence on the radius of the nanowire in a quasi-one-dimensional geometry. Since we are interested in understanding the scaling behavior with nanowire radius, we will assume a simple model of a 3D cylindrical lattice nanowire (with the wire transverse cross-sectional width being much smaller than the wire length). The three-dimensional (i.e. quasi-1D) wavefunctions and the strictly 1D wavefunctions ψ wire,1D are related by a transverse wavefunction factor as
where k m is a zero of the Bessel function so that the wave-function satisfies ψ wire,3D (R + a, z, φ) = 0 and a is the lattice constant of the wire. Note that the boundary condition on the lattice is such that the wave-function at a distance a outside the wire vanishes. In the limit that a R the wave-function ψ wire,3D at the boundary is written as
(30) The one-dimensional hopping matrix elements t s,p enter the formalism through the parameter Γ defined in Eq. 19. To simplify our analysis we split Γ = Γ s cos θ 2 + Γ p sin θ 2 where Γ s = πνt 2 s and Γ p = πνt 2 p . The selfenergy of these individual orbitals arise from microscopic three dimensional tunnelingst s,p , which must be used together with the three dimensional density of state ν and the three dimensional wavefunction ψ wire,3D (R, z, φ). In addition, for the purpose of our estimate, we will make a simplifying assumption that the density of state of the SC in the normal state ν is local at each site on the surface of the wire. With these assumptions, the three dimensional generalized form for Γ s,p is a similar form to Eq. 19, except for a sum over the surface of the wire. This sum can be approximated by an integral to be
where κ is a dimensionless number resulting from the Bessel function etc. To obtain the above result we have used the lattice form for the local three dimensional density of states ν ∝ πa 3 k
3
F /E F . The hoppingt s,p , which is proportional to the bare hopping in the wire can be parametrized by a dimensionless parameter ζ s,p and written ast s,p = ζ s,p 2 /2m * a 2 , where m * is the effective mass. Using this parametrization we obtain the estimate for Γ s,p as
Now we are in a position to compare the scale of Γ for the semiconductor nanowire and the ferromagnetic chain. Qualitatively speaking, on a ferromagnetic chain of atoms (as in Ref. [21] ) where R is much smaller as compared with the semiconductor nanowire (as in Ref. [15] ), Γ is expected to be much larger [note that the dependence on R is R −3 in Eq. (32)]. Quantitatively, assuming R ∼ λ F would be of order 0.5 nm for the ferromagnetic Fe chain in Ref. [21] we estimate Γ ∼ E F ∼ 1eV (if we ignore the factors of κ ∼ ζ s,p ∼ 1). On the other hand, for the same parameters for the semiconductor nanowire except the mode confinement radius R ∼ 20nm we expect the self-energy parameter Γ is of order 0.1meV in the semiconductor in contrast to order 1eV in the metallic ferromagnetic chain. This huge difference in Γ between the semiconductor nanowires used in [15] and the ferromagnetic chains used in [21] may explain why the MF might be strongly localized (delocalized) in the ferromagnetic (semiconductor) nanowires even if both TS wires manifest the same induced superconducting gap (∼ 100 µeV). This difference ultimately arises, keeping all the other parameters similar, from the difference in the transverse quantization size in the two 1D systems with the wire radius ratio being roughly a factor of 40 between the two, leading to a localization length difference which could in principle be as large as a factor of 40 3 ∼ 64000! In reality, this is an overestimate of the difference in the MF localization in the two situations since the bare Fermi velocity in the semiconductor is typically a factor of 100 or so smaller than that in the ferromagnetic metallic chain, which leads to a factor of 64000/100 ∼ 640 difference in the MF localization length between the semiconductor nanowire [15] [16] [17] [18] [19] [20] and the ferromagnetic wire [21] systems even if both TS systems have exactly the same induced superconducting gap (∼ 0.1 meV). This roughly a factor of 500 difference is in quantitative agreement with the conclusion of Ref. 21 where the MF localization length is inferred to be < 1 nm whereas in the semiconductor nanowire case the MF localization length is the same as the bare coherence length in the nanowire (∼ 100 nm). Thus, the difference between MF localization in the two systems arises entirely from the difference in the nanowire transverse confinement radius in semiconductors versus metals.
In the next section we show that finite temperature effects in the experiment of [21] would make the Majorana zero-mode signature weak and diffuse in the tunneling conductance measurement (in spite of strong MF localization) because of strong thermal hybridization between the MF mode and above-gap fermionic excitations in the system. Thus, the high-temperature MF signature (at temperatures comparable to the gap energy) is qualitatively similar in the tunneling spectroscopy as that of any generic non-MF subgap excitation even when these fermionic subgap excitations are not at zero energy. Only experiments at temperatures much lower than the induced gap energy can distinguish MF versus ordinary fermionic subgap states in the tunneling spectra independent of the localization properties of the Majorana zero modes. At temperatures much lower than the gap energy, however, the strongly suppressed MF localization length in the ferromagnetic nanowire becomes an extremely important physical quantity since the very short MF localization length may now allow well-defined (rather than strongly hybridized) zero-energy MF modes to exist in rather short magnetic chains used in Ref. [21] , which would not be possible if the MF localization length is given by the bare formula. whether this physics is operational or not can only be determined empirically by carrying out STM measurements at temperatures much lower than the gap energy.
IV. IMPURITY-INDUCED SUBGAP STATES
In this section we examine tight-binding models for the tunneling conductance from an STM tip into either a p-wave or an s-wave nanowire with subgap states of nontopological origin. In the p-wave case, we induce subgap Andreev states by including non-magnetic impurities. In the s-wave case, on the other hand, Yu-Shiba-Rusinov [42] subgap states are created by magnetic impurities. The calculated finite temperature tunneling conductance results (Fig. 2 ) due to these fermionic subgap states are compared with the corresponding MF-induced tunneling spectra in a TS (Fig. 3) . We demonstrate that, in general, the two sets of results are almost impossible to distinguish unless the experimental temperature and energy resolution are much smaller than the superconducting gap energy. We mention here that the temperature dependence of the MF tunneling conductance spectra for the ferromagnetic nanowire system has already been calculated in great details by Dumitrescu et. al. [30] , who have established that high-temperature ZBCP is spectrally spread over the whole energy gap as a very weak and very broad feature making the interpretation of the data in Ref. [21] problematic. Our results for the temperature dependence of MF induced ZBCP in the ferromagnetic nanowires agree completely with the results presented in Ref. [30] , but what is new in our current work is showing that non-MF subgap states may also lead to tunneling conductance features which are indistinguishable from the corresponding MF features in high temperature experiments. This comparison between MF versus non-MF conductance features is the new ingredient in our results.
where H w , H tip and H tun are respectively the Hamiltonians for the nanowire, the STM tip, and the tunneling from the tip to the nearest site on the nanowire (designated as site 1). The annihilation operator for site j in the nanowire is a j , while the annihilation operator for state k in the STM tip is c k . The p-wave spectral gap of the nanowire is ∆ = ∆ p (1 − µ 2 /4t 2 ) 1/2 . Non-magnetic impurities are introduced by giving the chemical potential a site-dependence. We ignore spin as we are only interested in non-magnetic impurities.
The zero-temperature conductance is computed from the Green function G (x, x , ω) of the nanowire by [43] 
where g and f are respectively the normal and anomalous parts of G, and the subscripts "11" indicate that both position arguments are at the nanowire site in contact with the STM tip. γ = 2πνt 2 L is the broadening due to the STM tip and ρ 1 = −(1/π)Img 11 is the local density of states at the point of contact with the tip. Numerically, the Green function is given by
(35) where Γ (x, x ) = γδ x,1 δ x ,1 is the broadening induced by the contact to the STM tip. The broadening term iδ mimics the energy resolution of the setup, with a lower δ implying a higher resolution. We note that the experiment of Ref. [21] has a very poor energy resolution, comparable to the induced energy gap in the nanowire, making the broadening parameter δ an important aspect of the experimental analysis.
The finite-temperature conductance can be obtained from G T =0 using
where n F (ω) is the Fermi distribution function. The thermal broadening of the zero-temperature conductance is also important to understanding the high-temperature STM experiments carried out in Ref. [21] as already emphasized in Ref. [30] .
B. Model for an s-wave nanowire
The Hamiltonian for tunneling into the s-wave nanowire is
We again adopt the convention that the nanowire site in contact with the STM tip is denoted as site j = 1. The definition of the annihilation operators is generalized to include the spin degrees of freedom, which must be accounted for in this case. In contrast to the pwave nanowire, here we take a uniform chemical potential µ, but allow for the possibility of magnetic impurities through the site-dependent Zeeman field B j . The spectral gap is ∆ = ∆ s . The analysis of the tunneling proceeds similarly to that for the p-wave nanowire above. The expression for the zero-temperature conductance is, however, slightly modified to include the spin degrees of freedom
where g and f are the normal and anomalous Green functions, respectively, and the subscripts indicates the site and spin indices.
C. Effects of high temperature and low resolution on the tunneling conductance Fig. 2 shows the differential conductance obtained by tunneling into nontopological subgap states in an infinite nanowire, induced by either magnetic impurities (in the s-wave nanowire) or non-magnetic impurities (in the pwave nanowire). At high resolution and low temperature (Fig. 2a,d,g,j) the exact non-zero energy of the subgap state can be extracted from the tunneling spectra. With either high temperatures (Fig. 2b,e,h,k) or low resolutions (Fig. 2c,f,i,l) , however, the peaks broaden and could appear to arise from a broadened zero-energy peak. In fact, Fig. 2 shows that with high temperature or low resolution (or both), the tunneling conductance results in the nanowires typically manifest broad features consistent with a zero-energy peak as long as the subgap states are located at |E| 0.5∆. Thus, the observation of broad zero-bias conductance features should not be associated as evidence for the existence of precisely zero-energy MFs since this is also consistent with fermionic subgap states such as ordinary Shiba or Andreev bound states. Indeed, the possibility that the experiment of Ref. [21] is actually observing a Shiba state feature instead of a MF state has recently been suggested in the literature [39] .
We show in Fig. 3(a) -(d) the conductance of a genuine Majorana mode at the end of a clean p-wave nanowire, with no other subgap states being present in the system. For comparison, in Fig. 3(e)-(f) we show the conductance of a subgap non-MF state induced by a non-magnetic impurity in an otherwise uniform p-wave nanowire. We observe that for low resolutions or high temperatures, the conductance spectra for zero-energy Majorana modes cannot be effectively distinguished from those for non-MF subgap modes. In particular, the high temperature (and/or poor energy resolution) plots in Figs. 3(e) and (f) are indistinguishable from the corresponding plots in Figs. 3(b)-(d) , thus confirming that high-temperature STM experiments, as carried out in Ref. [21] , cannot really confirm the existence of Majorana modes. Thus, only future experiments at lower temperatures and employing better instrumental resolution would be able to conclusively determine the existence or not of MFs in the hybrid Fe nanowire-Pb superconductor system recently studied in Ref. [21] .
V. CONCLUSION
In summary, we have established that the nanowire on superconductor hybrid systems can potentially have very short Majorana localization length even when the induced topological superconducting gap is very small in the nanowire by virtue of the substrate induced strong renormalization of the effective nanowire parameters (e.g. the Fermi velocity, the gap, etc.) because of strong frequency dependence of the relevant self-energy function determining the proximity-induced pair potential in the nanowire. We have shown that this renormalization goes as R −3 where R is the effective nanowire confinement size in the transverse direction determining how onedimensional the system really is (with R going to zero limit being the true 1D nanowire limit). This provides an explanation for why the Majorana localization length could be very small (large) in metallic (semiconducting) nanowires on superconductors since R ∼ 0.5 (20) nm in the two systems leads to a large difference in the renormalization effect induced by the substrate. In addition, we have shown through explicit numerical simulations that high-temperature and low-resolution tunneling conductance measurements cannot distinguish between Majorana modes and ordinary fermionic subgap states as both manifest broad and weak zero-bias conductance features. The distinction between these two situations necessitates experiments at temperatures (and resolutions) well below the induced superconducting gap energy in the nanowire. We mention in this context that the state of the arts STM experiments on superconductors are routinely carried out at temperatures of 100 mK or below [44] , and therefore, the decision to carry out hightemperature STM experiments (at 1.4K) for studying Majorana modes in Ref. [21] is perplexing, particularly since it is well-known in the STM community [45, 46] that STM studies at temperatures comparable to the super- conducting gap temperature (using instrumental resolution which is larger than the gap) is incapable of discerning any subgap features decisively. Only future experiments with much lower temperatures (and much better resolutions) than used in Ref. [21] can settle the question of whether Majorana fermions have indeed been observed or not in ferromagnetic chains on superconducting substrates.
